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Dimension dependence of factorization problems:
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THOMAS SPECKHOFER

Abstract. For n € N, let Y, denote the linear span of the first n+1 levels of the Haar
system in a Haar system Hardy space Y (this class contains all separable rearrangement-
invariant function spaces and also related spaces such as dyadic H 1). Let Iy, denote
the identity operator on Y,,. We prove the following quantitative factorization result: Fix
I',6,e >0, and let n, N € N be chosen such that N > Cn?, where C = C(I,6,¢) > 0 (this
amounts to a quasi-polynomial dependence between dim Yy and dimY;,). Then for every
linear operator T: Yy — Yy with ||T|| < I', there exist operators A, B with ||A]| ||B]] <
2(1 + €) such that either Iy, = ATB or Iy, = A(ly, —T)B. Moreover, if T has d-large
positive diagonal with respect to the Haar system, then Iy, = AT B for some A, B with
JA|B]| < (1 +¢)/é. If the Haar system is unconditional in Y, then an inequality of
the form N > Cn is sufficient for the above statements to hold (hence, dim Yy depends
polynomially on dimY;). Finally, we prove an analogous result in the case where T' has
large but not necessarily positive diagonal entries.

1. Introduction and main results. This article deals with quantita-
tive factorization problems in finite-dimensional Banach spaces. We consider
problems of the following form:

PrROBLEM 1.1. Let Xo C Xy C --- be a sequence of finite-dimensional
subspaces of a Banach space X, let (ej);?il be a sequence in X, and assume
that for every n > 0, (ej)?ll is a basis of Xy, (where dp, = dim X,,). Given
I' 0, > 0, find conditions on n, N € Ng = NU {0} such that the following
statement holds: For every linear operator T: Xy — Xy with |T|| < I
and with d-large positive diagonal with respect to (ej)?ﬂl (i.e., all diagonal
entries of the matrixz of T with respect to (ej)?gl are greater than or equal
to 0), there exist linear operators B: X, — Xy and A: Xy — X, with

2020 Mathematics Subject Classification: Primary 47A68; Secondary 46B07, 46E30,
30H10.

Key words and phrases: factorization of operators, dimension dependence, rearrangement-
invariant spaces, Hardy spaces.

Received 7 June 2024; revised 28 October 2024.

Published online *.

DOI: 10.4064/sm240706-24-11 [1] © Instytut Matematyczny PAN, ***



2 T. Speckhofer

|A[l|B|l < = such that the following diagram is commutative:

Ix
X, — X,

| T
X N L) X N

In that case, we say that the identity Ix, factors through 7' with con-

stant %.

We will also consider variations of [Problem 1.1l where the condition on
the diagonal of T is removed and the conclusion is replaced by a factorization
through T" or Iy, — T, or where the diagonal entries only have to be large
i absolute value.

In the following, we will always take X,, to be the subspace spanned
by the first n + 1 levels of the Haar system in a fixed underlying space Y.
Thus, we put X, = Y,, := span{h; : |I| > 27"}, where (h;)rep denotes
the Haar system on [0, 1), indexed by the dyadic intervals I € D (and we
equip every space Y, with its Haar basis). In our results, the space Y will
be a Haar system Hardy space. This class of Banach spaces was introduced
in [I8, [16], and the precise definition will be given in For now,
we only mention that Y is the completion of the linear span of the Haar
system on [0, 1), either under a rearrangement-invariant norm (such as the
LP-norm, where 1 < p < oo, or an Orlicz norm) or under an associated
norm that can be defined via the square function—hence, the dyadic Hardy
space H', equipped with an equivalent norm, is also contained in this class.
Factorization results for these infinite-dimensional spaces have been proved
by Kh. V. Navoyan [24] and by R. Lechner and the author [I8]. Moreover,
in [16], R. Lechner, P. Motakis, P. F. X. Miiller and Th. Schlumprecht proved
factorization results for Haar multipliers on bi-parameter Haar system Hardy
spaces.

Note that in the special case where X,, =Y, C LP for some 1 < p < o0,
can be solved by applying the Restricted Invertibility Theorem
of J. Bourgain and L. Tzafriri [4] (see also [27, 23], [19]): If Ry is the coor-
dinate projection from Yy onto Zy :=span {h; : |[I| = 27V}, then RnT|z,
can be identified with an operator on 672) ~ with large positive diagonal (with
respect to the unit vector basis). By [4, Corollary 3.2|, this operator is well
invertible on a large subspace of EgN spanned by 2" > ¢2V basis elements,
where ¢ > 0 does not depend on N (see also [22, Section 5| for more details).
Since Y, can be identified with (a subspace of) 5, this yields a factoriza-
tion of Iy, through T'. Hence, in this case we have linear dimension depen-
dence. Conversely, note that if Iy, = ATB for some operators A, B with
I|A]| [|B]| < C, then T is well invertible on the image of B. Related results
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on factorization and restricted invertibility of continuous matriz functions
can be found in [5] 6].

Quantitative bounds for N (in terms of n) in have also been
proved for many other classical Banach spaces, and by employing Bourgain’s
localization method [3], it is sometimes possible to prove the primarity of a
Banach space by reducing this problem to a finite-dimensional factorization
problem. We refer to [20, 2} 1], 28], 29, 22}, 17, 10l 111 [13] for such factorization
and primarity results. In spaces with less structure than LP, however, the
best known lower bounds on N are often super-exponential functions of n.

In the case where Y is the dyadic Hardy space HP, 1 < p < 0o, or SL™,
R. Lechner [12] obtained a factorization result where N depends linearly
on n, improving on previous results where the estimate for NV was a nested
exponential function of n. Our main result states that in every Haar system
Hardy space, an inequality of the form N > C(I',8,¢)n? (where C(I',0,¢)
> 0) is sufficient for the conclusion of and its variation involv-
ing T and Iy, — T to hold. Moreover, if the Haar system is K-unconditional
in the space under consideration for some K > 1, then N > C([d,e, K)n
suffices. In the following, the variable § will either denote a lower bound for
the diagonal of an operator T', or it will be omitted (i.e., set to 1) when
stating the result about factorizations through 7" or Iy, —T.

THEOREM 1.2. Let Y be a Haar system Hardy space, and let I',d,¢ > 0.

Putn= ﬁ. Moreover, let n, N € Ng be chosen so that

(1.1) N > 42n(n + 1) H:J +42 + {410g2<7§;)J.

Then for every linear operator T: Yn — Yy with ||T'|| < I', the following
hold:

(i) If6 =1 in (L.1), then the identity Iy, factors through T or Iy, —T with
constant 2(1 4 ¢).

(ii) If T has §-large positive diagonal with respect to the Haar basis, then the
wdentity Iy, factors through T with constant %

If the Haar system is K-unconditional in 'Y for some K > 1, then inequal-

ity (1.1) can be replaced by

Kr r
1.2 N >42n| — 42 41 — |-
42 - R[WJJF J{ OgQ(W)J
In the following, we will denote the right-hand side of (1.1) by

Nuin(I,6,e,n) and the right-hand side of (T.2) by NE (I',6,¢,n).
REMARK 1.3. Due to (1.1)), we have a quasi-polynomial dependence be-

tween dim Yy ~ 2% and dimY,, ~ 2" in the general case, whereas by (T.2)),
we have polynomial dimension dependence in the unconditional case.
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We will prove [I'heorem 1.2|in[Section 4] The basic structure of our proof
is similar to that of the proofs in [12, [18]: Starting with a given operator T,
we perform a step-by-step reduction which yields “simpler” operators. First,
we use a modified version of the probabilistic argument in [12] to diagonalize
the operator T' (up to a small error). Next, we stabilize the resulting diag-
onal operator D by using a discrete version of the stabilization procedures
developed in [15], 18, 16] (here, we just use combinatorial arguments instead
of cluster points and randomization). Finally, by a perturbation argument,
we obtain a constant multiple of the identity operator Iy, . In every reduc-
tion step, we obtain a factorization (or an approximate factorization) of the
newly constructed operator through the previous one, and by combining all
these factorizations, we obtain the desired results.

Observe that if the Haar system is K-unconditional in Y for some K > 1,
then [Theorem 1.2(ii)|also holds for operators T' for which the absolute values
of all diagonal entries are at least § (we just have to increase the factorization
constant by a factor K). However, by performing an additional reduction
step, we also can drop the assumption that T has positive diagonal entries
in the general case. We have the following result:

COROLLARY 1.4. LetY be a Haar system Hardy space, and let I',6,& > 0.
Moreover, let n, N € Ny be chosen so that

(1.3) N22N[N+112N,
9

where N = Npin(2(1 4+ ¢)I,8,e,n), or where N = NE (2(1 + ¢)I',6,¢e,n)
if the Haar system is K-unconditional in Y. Then for every linear operator
T: Yy — Yy with ||TVH < I' and with §-large diagonal with respect to the
Haar basis, the identity Iy, factors through T with constant 2(1+¢)2/05.

We will prove |Corollary 1.4|in [Section 5l Note that by , dim Yy is a
double exponential function of (log(dim Y;))?, whereas in the unconditional
case, dim Y depends exponentially on dimY,,.

2. Preliminaries

2.1. Notation and basic definitions. Let Ng = NU {0}, and let D
denote the collection of all dyadic intervals in [0, 1), i.e.,

i—1 i ;
_ - ; J
D_{[ 2j,2j>.j€N0,1§2§2}.
In addition, for each n € Ny, define

n n—1
Dp={IeD:|I|=2"} and D<n=|JDs, Den=|]Ds
k=0 k=0
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If I € D is a dyadic interval, then we denote by IT the left half of I and
by I~ the right half of I (both are elements of D). If we use the symbol +
multiple times in an equation, we mean either always + or always —. For
any subcollection B C D, we put B* = (J;cz 1.
Next, we define the bijective function ¢: D — N by

i—1 i\ .

The Haar system (hr)rep is defined as
hI:XI‘F_XI*a IGD,

where x4 denotes the characteristic function of a subset A C [0,1). We
additionally put hg = x[0,1) and DT = DU {@} as well as 1(2) = 0. Recall
that in the linear order induced by ¢, the Haar system (h);ep+ is a monotone
Schauder basis of LP, 1 < p < oo (and unconditional if 1 < p < oo). For
r =) ;eprarhr € L', by the Haar support of x we mean the set of all
I € D such that a; # 0. We only consider Banach spaces over the real
numbers. Finally, we will occasionally use the symbols 2, <, ~ to suppress
constants in inequalities: a 2 b and b < a both mean that a > Cb for an
absolute constant C' > 0, and a ~ b means that a 2 b and b 2 a.

2.2. Haar system Hardy spaces. The class of Haar system Hardy
spaces was introduced in [I8] [I6]. To give the definition, we first need the
notion of a Haar system space (see [15, Section 2.4]).

DEFINITION 2.1. A Haar system space X is the completion of H :=
span{hy : I € Dt} =span{xs : [ € D} under a norm || - ||x that satisfies
the following properties:

(i) If f, g arein H and | f|, |g| have the same distribution, then || f||x =19l x-
(ii) IIxpo,nllx = 1.

We denote the class of Haar system spaces by H(0). Given X € H(4), one can
define the closed subspace Xy of X as the closure of Hy = span{h; : I € D}
in X. We denote the class of these subspaces by Ho(J).

Apart from the spaces LP, 1 < p < oo, and the closure of H in L°°, the
class H(J) includes all rearrangement-invariant function spaces X on [0, 1)
(e.g., Orlicz function spaces) in which the linear span H of the Haar system
(h1)rep+ is dense. If H is not dense in X, then its closure in X is a Haar
system space.

The following proposition contains some basic results on Haar system
spaces which will be used frequently throughout the paper. For proofs we
refer to [I5, Section 2.4] and [I8, Section 4.
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PROPOSITION 2.2. Let X € H(0) be a Haar system space. Then the
following hold:

(i) For every f € H = span{hr}ep+, we have |[flpn < |[fllx < [Ifllze-

(ii) For all f,g € H with |f| < |g|, we have | f|x < ||gllx-

(iii) The Haar system (hp)jep+, in the usual linear order, is a monotone
Schauder basis of X.

(iv) H naturally coincides with a subspace of X* (where f € H acts on
g e H by (fg)=1\fg), and its closure in X* is also a Haar system
space.

(v) For every I € D, we have ||hr| x| k1| x = |I].

Next, we denote by ()5, the sequence of standard Rademacher func-
tions, i.e.,

ra=Y_h;, neN,
]€D7z

We define the set
R ={(ry1))rep+, (r0) 1ep+ }-

Hence, if r = (r7);ep+ € R, then r is either an independent sequence of
+1-valued random variables or a constant sequence.

DEFINITION 2.3. Given X € H(J) and r = (r1);ep+ € R, we define
the (one-parameter) Haar system Hardy space X (r) as the completion of
H =span {h; : I € D"} under the norm || - || x () given by

1
| 5 it =[5 1| 2 riwarts]ad]
IeD+ 0 IeDt+

We denote the class of one-parameter Haar system Hardy spaces by HH(9).
Moreover, given X (r) € HH(J), we define the subspace Xo(r) as the closure
of Hy = span {hs};ep in X(r). For notational convenience, we will also refer
to the subspaces Xo(r) as Haar system Hardy spaces. We denote the class
of these subspaces by HHg(9).

Note that if r; = ro for all I € DT, then || - ||x) = || - [|x and thus
X(r) = X, so HH(J) is an extension of H(d). Moreover, if r is independent,
then by Khinchin’s inequality, the norm on X (r) can be expressed in terms
of the square function:

| ]~ (S o),

Thus, for X = L' and an independent Rademacher sequence r, we obtain
the dyadic Hardy space H', equipped with an equivalent norm.
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In the next proposition, we collect some basic properties of Haar system
Hardy spaces.

PROPOSITION 2.4. Let X(r) € HH(S), and put Y = Xo(r). Then the
following hold:

(i) The Haar system (hr)rep, in the usual linear order, is a monotone
Schauder basis of Y, and it is 1-unconditional if r is independent.

(ii) Hy = span{hj}rep naturally coincides with a subspace of Y*, and if r
is independent, then (hy)rep is 1-unconditional in Y*.

(ii) For every I € D, we have ||hr||y ||hi|ly+= = |I|. In particular, ||hr|ly =
[htllx and [|hglly+ = [hs][x-

(iv) If f is a finite linear combination of disjointly supported Haar functions,
then | fllx = /]l

(v) Ifx =3 cparh € Ho, then for every k € No we have (|3 rep, arhrlly
< |lz|ly. Thus, ||larhr|ly < ||z||y for all I € D.

(vi) If B C D is a finite collection of pairwise disjoint dyadic intervals, then
(hi)Kep is 1-unconditional in X (r)*, and we have || e hicll x (r) <1

Proof. Most of the above results are either explicitly or implicitly con-
tained in [18]. For completeness, we provide proofs or detailed references.

If r is constant, i.e., X(r) = X and Y = Xy, then the statement holds
by [Proposition 2.2(iii)} If r is independent, then (h)rep is 1-unconditional
in Y (this follows immediately from , and in particular, it is
a monotone Schauder basis of Y.

We identify f € Hy with the continuous extension of g — (f,g) =
§ fg, where g € Hy. Then both statements follow from |(i)[since (hr/|I|)jep+
is the dual basic sequence in Y* associated with the Haar basis (hy);ep of Y.
(i) This is proved in [18, Lemma 4.4].

(iv)| This is a direct consequence of and the fact that f
consists of disjointly supported Haar functions.

If r is independent, then both statements follow from the 1-uncondi-
tionality of the Haar system in X (r). Otherwise, X(r) = X and Y = X,.
Now put y = ZI€D<k arhr and z = 3 cp arhr. Then 2z +y and z — y
have the same distribution and their average is z. Thus,

Izlx < 5z +yllx + Iz = yllx) = lly + 2l x < ll=llx,

where in the last step, we have used the fact that the Haar system is a
monotone Schauder basis of Y. The additional statement follows since for
every fixed k the system (hr)rep, is 1-unconditional in Y.

[(vi)] If r is constant, then the 1-unconditionality follows from
tion 2.2(iv)|and [Definition 2.1} and the inequality is a consequence of Propo-
sition [2.2(ii)|, applied to the X*-norm. If r is independent, then the Haar
basis (hr);ep+ of X(r) is l-unconditional, so the same is true for its dual
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basic sequence (hr/|I|);ep+ in X (r)* and thus for (hx)kep in X(r)*. To
prove the last inequality, let © = > ;. p+ arhy € H and observe that

<Z hi,x >— KZB(LK\IQ < HZ aKhKH
= H Z aKhKH = H Z “KhKH < zllx )

where we have used Proposmons 2. A1) and 2.4(iv)] and the 1-unconditiona-
lity of the Haar system in X(r). =

In the following, Y will always denote a Haar system Hardy space Xo(r) €
HHo(d), and we will consider operators defined on the subspaces Y,
span {h[}[e'DSn cY,neNg.

2.3. Faithful Haar systems. Next, we introduce a finite version of
the concept of a faithful Haar system. A faithful Haar system is a system
of functions which are blocks of the Haar system and share many structural
properties with the original Haar system. For example, the supports of these
functions exhibit the same intersection pattern as the supports of the original
Haar functions. The term faithful Haar system was coined in [I5], but the
construction can already be found, e.g., in [25, p. 51]. We will also use the
more general notion of an almost faithful Haar system, which allows for gaps
between the supports of the functions (cf. [I8]). These types of constructions
originated in classical works such as the paper [7] by J. L. B. Gamlen and
R. J. Gaudet. For more information on these and related concepts, such as
Jones’ compatibility conditions [8], we refer to [21]. A brief overview can also
be found in [I8, Section 5.

DEFINITION 2.5. Let n € Ny. For every I € D<), let By be a non-empty
finite subcollection of D, and moreover, let (0x)xep be a family of signs.
Put hy = ZKEB[ Orxhr for I € D<,. We say that (h[)]ep< is a (finite)
almost faithful Haar system if the following conditions are satisfied:

(i) For every I € D<,, the collection B; consists of pairwise disjoint dyadic
intervals, and By N By = () for all I # J € D<y.
(ii) For every I € Dy, we have By, C {hy = +1}.

If By ) = = [0,1) and Bj. = {h; = £1} for all I € D, then we say that
(h[) IeD, is faithful, and in this case, we usually denote the system by
(ﬁj)Iep;n. If kg < k1 < --- < ky is a strictly increasing sequence of integers
such that Br C Dy, for all I € D;, 0 < i <n, then we say that (iL[)[EDSn is

an almost faithful Haar system with frequencies ko, . . ., k, (note that in the
terminology of [18], the frequencies would be denoted as (kr)ep.,, where
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kr = k; whenever |I| = 27%). An example of a (finite) faithful Haar system
is depicted in [Figure 1]

i N A
|

[%J)é" 1111 11 H !
S Lttt

Fig. 1. A finite faithful Haar system

If (]AU)IEDSTL is a faithful Haar system and N € Ny is chosen so that By C
D<y for all I € D<;,, then we can always define two associated operators:

PROPOSITION 2.6. Let Y € HHy(0) be a Haar system Hardy space. Fiz
n, N € No, and let (h1)1ep., be a (finite) faithful Haar system in Yy . Define
the associated operators B: Y, = YN and A: YN =Y, by

- hr,x) - - h
Be= " <Il’x>h1 and Ay= 3" <Il’y>h,
= =

forxz €Y, andy € Yy. Then AB = Iy, and |A| = || B| = 1.

Proof. This result follows from [I8, Proposition 7.1| by suitably extend-
ing (hr)rep., to an infinite faithful Haar system (hr)rep (see [I8, Defini-
tion 5.1]) and restricting the associated operators B and A to Y, and Yy,
respectively. m

In order to prove an analogous statement for almost faithful Haar sys-
tems, we will need an upper bound for the norm of a Haar multiplier, i.e.,
a linear operator M:Y,, — Y, with Mh; = mrhy for all I € D<,, where
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(mr)1ep., is a family of scalars (the entries of M). In our finite-dimensional
setting, the following inequality yields a better result than the bound in [I8]
Lemma 4.5].

LEMMA 2.7. Let Y be a Haar system Hardy space, and let n € Ng. Then
for every Haar multiplier M :'Y,, — Y, with entries (mI)[epgn, we have

n
M — I < — .
| mio,1)ly, || < ;}g%f Imp —myo,1)]

Proof. Let x = ZI€D<n arhr € Y,. Then

Mz —mpyzly = Hi > (mi - m[OvU)thIHy

k=1IeDy,

n
< - h H
< }Tel%f Imy m[0,1)|H Z arnr||,
k=1 1€Dy,
and the conclusion follows since ||3-;cp, arhrlly < ||zfly for all k by
.
PROPOSITION 2.8. LetY be a Haar system Hardy space, and letn, N € Np.

Moreover, let (h[)]e'pgn be an almost faithful Haar system in Yy, and for

each I € D<,,, let By denote the Haar support of iLI. Let B:Y, — YN and
A: YNy = Y, be the associated operators defined by

Br = Z <h[7m>ih[ and Ay: Z <h[7y>h[

IeD<, ] I€D<y 1571
forxeY, andy € Yyn. Put p = |be,1)|' Then AB = Iy, and

1 < I 1
|IBl| <1 and |A|| <—+ max( | *‘ —>.
po i Iene\ By p

Proof. Let Q: Yy — Y, be defined by

hi,
=Y Ul e
IE'DSN

As in the proof of [I8, Theorem 7.3|, we see that the linear operators B and @
satisfy [|B|| < 1 and ||Q|| < 1. Note that A = MQ, where M: Y, — Y, is
the Haar multiplier defined by
o
|B7]
Thus, the conclusion follows from .
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2.4. Factorization of operators. Finally, we introduce some conve-
nient terminology for stating factorization results and describing properties
of linear operators and their diagonals (cf. [15] [18§]).

DEFINITION 2.9. Let X and Y denote Banach spaces. Let S: X — X
and T: Y — Y be bounded linear operators, and let C,n > 0.

(i) We say that S factors through T with constant C' and error n if there
exist bounded linear operators B: X — Y and A: Y — X with [|A]| || B||
< C such that ||S — AT B|| <.

(ii) If holds and additionally AB = Ix, then we say that S projectionally
factors through 7" with constant C' and error 7.

If we omit the phrase “with error %" in|(i)|or then we take that to mean
that the error is 0.

The following observation will play an important role in the proof of
|Theorem 1.24(1); Let X,Y and S, T be as above and suppose that S projec-
tionally factors through T with constant C and error . Then Ix — .S pro-
jectionally factors through Iy — T with the same constant and error (cf. [I5]
Remark 2.2|).

DEFINITION 2.10. Let Y be a Haar sytem Hardy space. Moreover, let
0 >0,let n € Ny, and let T': Y, — Y}, be a linear operator. We say that

> T has d-large diagonal (with respect to the Haar system) if |(hr,Thr)|
> 0|I| for all I € D<y;
> T has d-large positive diagonal if (hy, Thr) > 0|I| for all I € D<,.

3. Diagonalization via random faithful Haar systems. As a first
step towards proving our main results, we reduce an arbitrary linear op-
erator T: Yy — Yy to a Haar multiplier D: Y,, — Y,,, where N depends
linearly on n. This is achieved by constructing a randomized faithful Haar
system (iL 1)IeD -, in Yy and using the associated operators A, B as defined
in [Proposition 2.6; By a probabilistic argument based on [12], we show that
for at least one realization of our random system, we have an approximate
factorization D = ATB + A, where D is a Haar multiplier and A is a small
error. Moreover, if T has J-large positive diagonal with respect to the Haar
system for some ¢ > 0, then the diagonalization preserves this property (the
new diagonal entries will only be slightly smaller).

In [12], R. Lechner used the following randomized construction to prove
a diagonalization result in the case where Y is the dyadic Hardy space HP,
1 < p < o0, or SL*. The first step is to select pairwise disjoint finite
collections By C D<y which determine a faithful Haar system

by= Y hg, I€D<.
KeBy
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Next, random signs 6 = (k) kep. are introduced to obtain the functions

b = 3 bxhi, I€Dey, b€ {£1)PsN,
KeBy

Note that in general (bge))IeDSn is not a faithful Haar system since the

newly introduced signs 6k can break property of At this
point, the proof in [12] exploits the fact that the Haar system (hx)xep is
l-unconditional in H? and SL: For each 6, the function bgg) is obtained
by applying a fixed Haar multiplier of norm 1 to b;. Thus, the associated
operators A and B , defined as in [Proposition 2.6[with respect to (bge)) 1€D<,, 5
are also bounded, and for at least one choice of 6 they yield the desired

approximate factorization D = ATB + A.

Recently, a refinement of this probabilistic technique was applied by
K. Konstantos and P. Motakis [9] to prove factorization results in the Bour-
gain-Rosenthal-Schechtman spaces R, 1 < p < oo. In our case, however,
Y is an arbitrary Haar system Hardy space, so in general we cannot use
unconditionality to complete the proof as described above. However, a mod-
ified randomization procedure, which always yields a faithful Haar system,
enables us to prove the diagonalization result. Finally, it is worth noting
that our resulting Haar multiplier D is already stable along every level of
the Haar system, i.e., if I, J € D<,, satisfy |I| = |J|, then the corresponding
entries of D satisfy d; ~ d; (we will utilize this property later).

Before stating and proving our diagonalization result, [Proposition 3.2} we
introduce the probabilistic framework that will be used to construct a ran-
domized faithful Haar system which almost diagonalizes a given operator T'.

Fix m,n € Ng, put M = 2™, and let N > m+n. Let 0 = (0x)kxep., be
chosen uniformly at random from {£1}P<¥. We denote the uniform measure
on {£1}P<~ by P and the corresponding expected value and variance by E
and V, respectively. Moreover, for 0 < k <mnand 1 <i¢ < M, let

Op = 0k : K € Dyyy) and 0 = (0 : K € Dy, K C F),

where (F;)1<i<nm is an enumeration of the dyadic intervals in D,,,. Hence, we
start with the entire family of signs 0, extract n + 1 levels and split them
according to the partition (F})1<;<p of [0,1). Finally, let Ex and E{ denote
the conditional expectations with respect to the o-algebras generated by
Ok : K ¢ Dyyyy) and (O : K ¢ Dyy V K ¢ F;), respectively. Thus, ap-
plying Ex, (or E}) to a real-valued function of 6 is the same as averaging over
all realizations of ¢, (or 6;) while leaving all the other random variables 0,
which do not appear in 6, (or 6}), fixed.

Now we can inductively construct a randomized faithful Haar system
(31(9))1699 with frequencies m, m+1,..., m+n by putting Bjg 1)() = Di,
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and

(3.1) 31(0) = Z Oxhk, 1€ D<y,
KeBr(0)

where

Bi+(0) = {K € Dypiny1: K C {hs(0) = £1}}, IT€Dy k=0,1,...,n—1.

This is illustrated in for two different choices of 6 (the signs 6k are
displayed directly above the corresponding Haar functions h).

Fy )

I

|

1 |

I

i1 0 :
|

71, |

Fig. 2. Two realizations of a randomized faithful Haar system for m = 1. The constructions
below F; and F> are independent—this is crucial for the discussion following (3.6).

Note that if I € Dy for some 0 < k < n, then the collection B;()
only depends on the signs in 6y, 01, ..., 60r_1, whereas the function h 1(0) also
depends on the signs in 6 since they appear as factors in . Thus, we
may write

(3.2) B1(0) = Br(bo,...,0,_1) and hr(0) = hr(bo,...,04).

We can also go one step further: By induction on k, we see that for every
I €Dy (0<k<n)andevery 1 <i < M, the collection

Bi(0) := {K € B;(f) : K C F;}

contains exactly one element, and hence, the restriction h 1(0) - xF, is a single
Haar function, multiplied with a random sign. Moreover, note that B5(¢) only
depends on the values of those signs g for which K C F;. For example,

we have Bfﬂyl)(Q) = {F;} and Bf0,1/2)(0) = {F} if 0p, = +1, whereas
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Bfog/g)(g) = {F; } if O, = —1. Thus, we can write
for all 1 < i < M. In fact, as we let 6 vary, the unique element of B (6)

ranges uniformly over all K € D,, 1 with K C F;.

Next, we prove our main probabilistic lemma, which controls the diagonal
and off-diagonal terms of a given operator T' with respect to a randomized
faithful Haar system.

LEMMA 3.1. Let m,n € Ng, let N > m +n, and let (ﬁj(ﬁ))fep<n be a
randomized faithful Haar system with frequencies m,m~+1, ..., m+n defined
as above. Moreover, let Y be a Haar system Hardy space, and letT: Yy — YN
be a linear operator. Then the random variables

X1.5(0) = (hi(6),Th;(0)), I,J € Dey,
satisfy
EX; ;=0 and VX;j;<|T|?27™2% ifI#J

as well as

hic, Th
EXpr=I]-27™1 ) <KKK> and VXp 5 <3|T|22 ™2
KeD | |
|K|=2-"1]

Proof. Let k,l € {0,...,n} and fix dyadic intervals I € Dy and J € D;.
Then

Xrg(0)= > 0x0p(hi,Thy),
KEB[(Q)
LeBy(6)
Xr(0)?= > Okbk0000 (hic, Thi)(hgr, Thyy).
K,K'€B(8)
L,L,GBJ(O)
Expected value of X1 ;. We assume that k > [ (the case k < [ is analo-

gous). Since by (3.2), the collections B;(#) and B;(#) do not depend on any
of the signs in , we have

(3.3) EX; ;= E(ExX; ) =E > By (0x0r)(hi, Thr),

KB (80,..01—1)

LeBy(0o,-,01-1)
i.e., the conditional expectation E; commutes with the double sum. If I # J,
then yields EX;; = 0 since the collections B(6p,...,0,—1) and
B (0o, ...,0,_1) are disjoint for each realization of fy, . . ., 01, which implies
that the random variables 6 and 61, appearing in are independent. On
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the other hand, if I = J, then

(34) EX;;=FE > Ey(0x0r)(hi, Thr)
K,LEB[(GO ..... Gk 1)

=E > (hg,Thi) = ZE > (b, Thi)

KEB[(@Q,...ﬂk 1) 1=1 KEBZ(G)

M
:Z%k Z <hK,ThK>=2ik Z (hr, Thi)
=1

KeDm+k KeDm+k

T
=127 Y $hg, Thic)

K]
KeD
|K|=27"1]

Variance of Xy j for I # J. First, we assume that I # J and k =1, i.e.,
|I| = |J|. Exploiting the facts that E = EE, that the collections B;(0) =
Br(fo,...,0k—1) and B;(0) = Bj(o,...,0k—1) are disjoint, and that the
components of 85 are independent random variables, we obtain

(35) EX7,;=E > Ey(0xO0x0101,) (hic, Thr)(hir, This)

KK/GBI(QO 9]@71)
’ A =K. (00 E (01,60
LL/eBy (0 tp ) 0RO B (0L 01)

=E Y (hx,Thz)

KeBr (9)
LGBJ(@)

Next, let I # J and k > [. Then, as above, we can use [E = EE; and exchange
[E; with the sum over K, K', L, L' to obtain

EX}, =E > Er(0x0x) 0001 (hic, Th) (hgr, Thr)
K,K’GBI(QO,‘..,Hk,l)
L,L/GBJ(Qo,..A,Qlfl)
=E > 000p(hi,Thr)(h, Thy),

KeB(9)
L,L'eB(0)

where we have also used the fact that x and 6 are independent if K # K'.
We can rewrite the last equation in terms of the collections B}(#) as follows:

M
(36) EX7;= > E > 0001 (hic, Thp)(hg,Thy).
,5,j'=1 KeBi(9),
LeB,(0), L'eBY) (0)
Now consider fixed indices i,j,j". If j # j/, then j # i or j/ # i. Sup-
pose that j # 4, and replace E by IE]E{ in (3.6). Recall that we can write
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Bi(0) = Bi(0},...,0. ) as well as B (0) = B5(6,...,60_,) and B (8) =
Bgl (96/, ce 9;/_1), so none of these collections depends on the signs in Glj since
j #iand l > [ — 1. Hence, the conditional expectation Eg commutes with
the inner triple sum in . Moreover, the summands satisfy

B} (01.01)(hic, Thr)(hie, Thr) = B (01)0 (hxc, Thr) (i, Thrs) = 0
since 67, is not a component of 9{ for L' € Bg(@) as j # j'. If j' # i, then the

same reasoning as above shows that IE{ / (0r01) = 0. Thus, we may restrict

the first sum in (3.6) to the case j = j’, and since Bﬂ(@) is a singleton, we
can also put L = L’ and HLHL/ =1in . Hence, we obtain

(3.7) EX7;=E Z > (b, Thp)*=E > (hg,Thy)’.
i.j=1 KeB(9) KeB(0)
LGBJ () LeB;(0)
If £ < I, then holds by analogous arguments, and for £ = [, we have
already proved it above (see (3.5)).
Following [12] proof of Theorem 4.1], we will now estimate in two
different ways. We fix 0, put ax = (hk,Thr) for K,L € D<y and note
that

lar.r] < lhslly= Tl Thzly-

By the 1-unconditionality of (hz)res, @) in Y, we have

D> (h,Thr)* = ) <hK,T( > aK,LhL>>

KEB[(@) KEBI(Q) LEB](G)
LeB,(0)
< D0 My Tl e fascal D2 hLH
KEB[(Q) LEBJ
<SITP 32 Il mac iy
KeB(0)

where the last inequality follows from [Proposition 2.4(iv)| combined with
IProposition 2.(ii)| and the fact that |[x(o1)|x = 1 in every Haar system
space X. Now we use the inequalities

K K
38) ey < lhrly. Ihxlfe = sl ook < b -
hx |y I||hr |y

for K € B;(0) and L € B;(#), which can proved as follows: Replace || - ||y

and || - [[y» with the underlying Haar system space norm || - || x and its dual
norm | - ||x=, respectively, using [Proposition 2.4(iii)l Then apply

ksition 2.q(11)}[(iv)] as well as the first equation in [Proposition 2.4[(iii)} The
inequality ||hk||x > |I|||hr, ||x for |K| = |I||F1| is obtained by repeatedly
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applying the triangle inequality and the rearrangement-invariance of | - || x.
Using (3.8) and |B7(6)*| = |I| (which is true for every faithful Haar system),
we conclude that

|K]
(3.9) > (i, Thi)? < ||TIP| g ||y Z III = T1*Nhrlly
KeBr(0) KeBj(
LGBJ(@)

On the other hand, we can rewrite (3.7) using

> (g Thr)* = > < > aKLhK,ThL>

KeBi(9) LeBj(0) KeBr(9)
LeB;(0)

Then we perform an analogous computation to the one above, using [P

applied to the collection B(0) (note that || - |ly= < - ”X +)

as Well as suitable versions of the estimates . In the end, we obtam

|Z|
(3.10) > (b, The)® <||TIP (ke |y Z 7] = || lly-
KeB(0) LeB,(6)
LGBJ(O)
Combining equation (3.7) with the estimates (3.9) and (3.10]) yields
(3.11) VX1 =EX] ; <|TIPV ke v he v

= |TI*VIE] = IT)P27,

where we again used [Proposition 2.4{(iii)|

Variance of Xy 1. As above, we exploit the facts that E = EE; and that
E; commutes with the sum over K, K', L, L’ to obtain

EX[QJ:E Z GKHK/HLHL/(hK,ThL>(hK,,ThL,>
K,K',L,L'eB;(0)

=F > By (0xO0x0101) (hic, Thi) (b, This).
K,K’7L,L/EBI(90,...,9k_1)
Now observe that for K, K', L, L' € B;(#), we have
Ek(HKHK/GLHL/) =1

if one of the following conditions |(i)H(iv)| holds, and otherwise, by indepen-
dence, the expression is 0 (see [12 proof of Theorem 4.1]):

(i) K=L=K' =1,

(i) K=L##K =1
(i) K=K'#L=1
(iv) K=L'#L=K"
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Hence, we can write IEX%I:V1+V2+V3+V4, where
Vi=E Y (g, Thi)?, Va=E > (hg,Thg){hy, Thr),

KeB;(0) K,LeB;(0)
K#L
Vs=E 3 (hg,The)?, Vi=E Y (hg,Thr)(he, Thi).
K,LeB;(0) K,LeB;(0)
K#L K#L

Observe that

_[Ef:( > <hK,ThK>>( > (hL,ThL>)

if;ff KeBi(0) LeBI()
M

=Y (B > (e Tho) (B YD (b Thy)),
i,ij;'ézjl KeBi(6) LeB}(6)

since B%(0) = B4(0,...,0% ;) and B}(G) = B;(@g, . ,9%71) are independent
for i # j. Together with ( . this implies that

(EX1,1)? (ZE S (e Thi)) > Ve,

=1 KeBi(f)
and thus
(3.12) VXrr <Vi+Vs+ Vg

Hence, it suffices to give upper bounds for Vi, V3 and Vj. By
and since |B;(0)*| = |I| and |K| = |I]27™ for all K € B;(6), we
obtain
Vi<E ) |hl3ITIPIRkIS = ITIPE Y KPP =|T)1PP2~™
KEB[(@) KGB[(@)

Moreover, the double sums in V3 and V, can be estimated using the same
techniques as in the computation of VX7 ; for I # J, yielding

Vs < |ITI22™/2 and Vi < ||T|22/2.
By plugging these estimates into , we obtain
VX7 <3||T|?27™/2. u
We can now prove our main diagonalization result.

PROPOSITION 3.2. Let Y = Xo(r) be a Haar system Hardy space, and
let I',6,m > 0. Moreover, let n, N € Ny be chosen so that

Nz 210 )+ o (1 |
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Then for every linear operator T: Yy — Yn with ||T|| < I', there exists a
Haar multiplier D:Y,, — Y, with entries (d[)[e'DSn such that D projection-
ally factors through T with constant 1 and error nd. Moreover, the following
hold:

(i) |dr| < ||T|| for all I € D<y,.
(ii) |dr —dj| <87 ™nd whenever I,J € D<y, satisfy |I| = |J|.
(iii) If T has 0-large positive diagonal, then D has (1 — n)d-large positive
diagonal.

Proof. Fix n € Ny, and let m € Ny be the smallest integer for which

24(n+2) P4 né
(3.13) 2m > T, where 179 = Sin2-

Put M = 2™ and fix an integer N > n + m, i.e.,

N 2>n+1+ {4(n+2)+4log2 <I:S> +4(4n+2)J =2In+17+ {4log2 (Izs)J
n n

Moreover, let T: Yy — Yy be a linear operator with ||T|| < I'. Let 6 be
chosen uniformly at random from {£1}P<¥, and let (hr(6))rep., be the
randomized faithful Haar system with frequencies m,m + 1,...,m + n in-
troduced just before Now define X; ;(6) = (h;(6), Th;(8)) for
I,J € D<y,. As in [12], we consider the off-diagonal events

Oy =1{0 € {(£1}P=~ | X7 (0)| > no}, I,J €Dy, [#J
and the diagonal events
Dy = {9 € {:l:l}DSN : |X1,[(9) — EX[7[| > ’r]o}, Ie Dgn.

Using Chebyshev’s inequality and our upper bounds for VX7 ; and VX, ;
from [Cemma 3.1 we obtain

r? 2
S om/22 and ]P(D[) S %,
2m/ o 2m/ Mo

Hence, by , we have
P( U owu Dl)g S PO+ Y P(Dy)

P(OLJ) I, J € 'Dgn, I 75 J.

I,JEDSn IeDSn I,JEDSn IeDSn
1T I£J
92(n+2) 2
——— < L.
— 2
2m/2770

Thus, we can find at least one family of signs # € {£1}P<~ such that the
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corresponding faithful Haar system (hr)rep., = (h1(0))1ep., satisfies

h;, Th
(&M)|<1HJH rﬁ<2%m I,J € Dy, I #J,
(hr,Thr) __ (hie, Thic) | _ 1o
(3.15) | 9-mp AR, 2K < 2%, €Dy
7] 2;, | K| NI =
|K|=2"1]

where we also inserted the expected value EX; ; computed in .

Noyv let A: Yy — Y, and B: Y, — Yy denote the operators associated
with (hI)IEpSn as defined in |Proposition 2.6l Put

(hr,Thr)

VI
and consider the Haar multiplier D: Y,, — Y,, defined as the linear extension
of Dh; = drhy, I € D<,,. We have |d;| < ||T|| for all I € D<,, (this follows,
e.g., from Propositions and. Observe that by and 2"t1p, <
87 "nd (cf. (3.13)), we have |df — ds| < 8 ™nd whenever |I| = |.J|. Moreover,
if T has d-large positive diagonal, i.e., (hgx,Thgi) > §|K| for all K € D<y,
then together with 2"ny < nd implies that d; > (1 — n)d for all
Ie D§n~

Finally, let x = EJED<n ajhy € Y,. Then, using and the inequality
las| < |lzlly/lhslly < 2%|z|ly for J € D<, (see [Proposition 2.4(v)), we
obtain

dy = I € Dy,

H(ATB D)z|ly =

Z Z h[,Th] h[

JED<n IED<n
175‘]

20 > Y laglhrlly <24 Pnolaly,

JGDSH IG’DSn
I1#J

Y

and hence, by (3.13]),

|ATB — D|| < 24259 < né. u

4. Stabilization of Haar multipliers. Our next goal is to reduce the
Haar multiplier D obtained from [Proposition 3.2| to a constant multiple
of the identity. This is achieved by first stabilizing D and then employ-
ing a perturbation argument. The infinite-dimensional stabilization methods
from [I5, [I8] [16] involving cluster points and probabilistic methods will be
replaced by a finite, combinatorial version which just uses the pigeonhole
principle. Note that in the stabilization part, we will also make use of the
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fact that the entries of D are already stable along every level of the dyadic
tree (see [Proposition 3.2(ii))).

PROPOSITION 4.1. Let Y be a Haar system Hardy space, and let I',6,n
> 0. Moreover, let n, N € Ny be chosen so that

(4.1) N > 42n(n +1) H:J +42 + {4 log, (;;)J .

Then for every linear operator T: Yy — Yn with ||T|| < I', there exists a
scalar ¢ with |c| < ||T|| such that cly, projectionally factors through T with
constant 1 and error 3nd. Moreover, if T has 6-large positive diagonal, then
¢ > (1 —mn)d. If the Haar system is K-unconditional in'Y" for some K > 1,
then inequality can be replaced by

N > 42n [KF—‘ +42 + {4log2 <F>
1o ) |

Proof. Let n € Ny and fix I',d,n > 0. Put

2I'(n+1) ]
no

and let N € Ny satisfy (1), ie., N > 21(n + 1) + L4log2(%)J. Let

T:Yn — Yy be a linear operator with ||| < I'. By |[Proposition 3.2 there

exists a Haar multiplier D: Yz — Y} with entries (dx)kep., such that D

projectionally factors through T with constant 1 and error nd, and such that
|dK’ < HT” < I forall K € 'Dgﬁ and
(4.3) lde —dp| <8 ™nd <8 s whenever |K| = |L|.
Moreover, if T' has d-large positive diagonal, then d; > (1 — n)d for all
Ie Dgﬁ.

Now consider the entries djg 5y, 0 < k < fi. Divide the interval [—I" I']
into [2I'(n+1)/(nd)] subintervals of length at most 7d/(n+1). Then, by (4.2)

and the pigeonhole principle, we can find natural numbers 0 < ky < k1 <
-+ <k, < n such that

+1

(4.2) ﬁan(rH—l)Lj;-‘ —|—12n’7

no .
(44) ’d[072—ki) - d[0’27k0)| S m, 1= 0, ey n.
Hence, after putting ¢ = djg 5-xoy, we have [c| < [|T'[| and, by (4.3) and (4.4),
216

4.5 dg —c] < —— KeDy, U---UDg, .

(4.5) ldre — el < = € Dy, ko

If T has d-large positive diagonal, then ¢ > (1 — n)d. Now let (il])]epgn
be a faithful Haar system with frequencies ko, ..., kn, i.e., for every I € D;

(0 <i < n), we have By C Dy,, where By is the Haar support of h;. Let
A:Y; — Y, and B: Y, — Y; denote the associated operators as defined
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in |Pr0position 2.6l Then D**#P .= ADB is also a Haar multiplier, and its
entries (dj'*")rep., satisfy

(h Dh
d5teb — ” 1) =3 dK . IeDey.
KeBr
Together with (4.5), this implies that
216
4. b — ol < =L TeDe,.
(1.6 @ e < 2P e,

We will now show that ||D%*2P — cIy || < 2nd. To this end, let z =
ZIGD<n arhy € Y,. Then, exploiting the 1-unconditionality of (hr)rep, in Y

for each k € Ny and using [Proposition 2.4(v)| we obtain
Dstab —cl — dstab _ h H
IS cly,)z|y Z (d7 c)arhr v

IEDSH
n 27’]6 n
stab
<3| E @t —oanl, < ZE 3|3 ol
k=0 I€Dy k=0 I€Dy
2775 -

< 1 2 lelly = 209l
ie., [|[D@ — cly || < 2nd. Recall that D projectionally factors through T
with constant 1 and error nd, and D**P projectionally factors through D
with constant 1 and error 0. By combining all these statements, we deduce
that cly, projectionally factors through 7" with constant 1 and error 3nd.
If the Haar system is K-unconditional in Y, then we replace (4.2)) by
. KrI 2KTI’
n=2n|——_|+1>n + 1,
10 70

and we also replace the factor n+1 by K in the pigeonhole argument and in
the denominator in (&.6)). This inequality then directly implies || Db —cIy. ||
< 27nd, and the result follows as above. m

REMARK 4.2. If the space under consideration is L', then, of course, the
results by Bourgain and Tzafriri [4] imply factorization results with linear
dimension dependence (see . However, our method can also be
modified to yield a better result in L' in the sense that inequality is
replaced by a bound of the form N > C(I', §,n)n: Replace the definition of 1
in the proof of |Proposition 4.1 by n = - n for some [ > 1 to be determined
later, and let D: Y; — Y; be the Haar multiplier obtained from
Write di = djgo-r) for k = 0,...,7. Moreover, let D: Yz — Y;
be the Haar multiplier defined by Dh; = dih; for all I € Dy, 0 < k < 7.
By and the triangle inequality, we have ||[D — D| < 2nd. Next, we
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use a result by Semenov and Uksusov [20] (see also |30, [I5] for alternative
proofs), which characterizes the bounded Haar multipliers M : L' — L! by
identifying a quantity ||M || that is equivalent to the operator norm of M:
In the formulation of [I5, Theorem 2.6], we have

[ee]

|1 ~ (18] 2= sup (D s, = mi |+ limsup g, )
(Ix) k=0 k—o0

where the supremum is taken over all sequences (Ij)72, in DT such that

Iy=2,1, =10,1), and I3 € {I:,Ik_} for every k > 1. A straightforward

argument shows that we can restrict the domain to Y3 and apply this result

to D to obtain

(4.7) ID|| ~ |do — di| + -+ + |da—1 — da| + |dal.
Since ||D|| < I' + 316, we can find 0 < s < 7 — n such that
I' +3no

l 2 |d8 - d8+1| +- 4+ |d5+n71 - ds+n|-

By constructing a faithful Haar system (fl 1)1eD., With frequencies s, s + 1,

..., s+n and using the associated operators A, B, we obtain a Haar multiplier
Dstab — ADB, which satisfies D**Ph; = dy phy for all I € Dy, 0 < k < n.
Therefore, applying ([#.7) to D***P and choosing, for example, | > 3—?5 +1

yields | D% — dg, ., Iy, || < né.

Despite the fact that the dimension dependence can be improved in the
unconditional case and also in the case of L' (and, by duality, in L°°), we
do not know the answer to the following question:

QUESTION 4.3. Is it true that for every Haar system Hardy space Y, an
inequality of the form N > C(I',0,n,Y )n is sufficient for the conclusion of
[Proposition 4.1| (and hence [Theorem 1.2)) to hold?

Using the stabilization result [Proposition 4.1 we are now able to prove
our main result.

Proof of Theorem . We first prove Suppose that the linear opera-
tor T: Yy — Yy with ||T'|| < I' has é-large positive diagonal with respect to
the Haar system. Then by [Proposition 4.1} we can find a scalar ¢ > (1 —n)d
and operators A: Yy — Y, and B: Y, — Yy such that |A| ||B] < 1 and
||lely,, — AT B|| < 3nd. Thus,

<1

1
Iy, — Larp| < 310 _ 3
c (I=m)0 1-—n

This implies that the operator Q@ = 1ATB is invertible, and its inverse

R
satisfies

1
-1
107 < T
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Hence, we have the factorization Iy, = %ATBQ_I, where

-1
QY . 1 _1+c
~—6(1—4n) — ¢

To prove we assume that 6 = 1. By [Proposition 4.1} we can find a
scalar ¢ with |c| < ||T'|| such that cly, projectionally factors through T with
constant 1 and error 37n. Thus, we also know that (1 — ¢)ly, factors through
Iy,, — T with the same constant and error. Note that we have either ¢ > 1/2
or 1 —c > 1/2. In the latter case, we replace T' by Iy,, — T and ¢ by 1 — c.
Then the proof can be completed in the same manner as above, with slightly
modified estimates and an additional factor 2 in the factorization constant.

The results for spaces in which the Haar system is unconditional follow
from the last statement in [Proposition 4.1| =

o
&

]nBQlH <

5. Reduction to positive diagonal. Finally, we consider the case of
an operator T: Yy — Y5 with d-large, not necessarily positive Qiagonal.
If the Haar system is K-unconditional in Y, then by composing T with a
Haar multiplier with entries 41, we obtain an operatorNT: Yy — Y5 with
d-large positive diagonal such that T' factors through T with constant K.

Then can be applied to T.

In the general case, however, a more sophisticated construction is needed
to reduce 7' to an operator T: Yy — Yx with positive diagonal. We employ
a discrete version of the Gamlen—Gaudet construction. This technique goes
back to [7] (see also [2I]), and the infinite version was also utilized, for
example, in [14} [I8]. Due to the combinatorial arguments used in this method,
we need to assume an inequality of the form N > C(g)N22VN.

PROPOSITION 5.1. LetY be a Haar system Hardy space, and let €,0 > 0.
Moreover, let N, N € Ngy be chosen so that
~ N
(5.1) N22N[+1w2N.
€

Then for every linear operator T: Yy — Y§ with 6-large diagonal, there
exists a linear operator T': Y — YN with d-large positive diagonal such that
T factors through T with constant 2(1 + ¢).

Proof/. Suppose that N > 2IN for some [ € N to be determined later,
and let T': Y — Y be a linear operator with é-large diagonal (with respect
to the Haar basis). Put

A1 ={K € D_g : (h,Thi) > §|K[},
Ay ={K € D_g : (hi,Thi) < =0 K|}.
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Thus, A; and Ay form a partition of D_g5. Now, for i = 1,2 and K € Dg,
let a
Al(K) = {L cA,:KC L}.
Observe that for every K € D, either A;(K) or Az(K) contains strictly
more than N/Z > [N elements. Hence, if we define
Ci:{KEDN:#.Ai(K)>lN}, 1=1,2

(where # denotes cardinality), then Cf UC; = [0,1), which implies that
either |Cf| > 1/2 or |C5| > 1/2. We may assume without loss of generality
that |Cf| > 1/2 (otherwise, we replace T by —T).

Now, for a given collection of dyadic intervals A C D, we inductively
define the generations

Go(A) = {K € A : K is maximal with respect to inclusion},
k—1
Gi(A) = Go(A\ U G(W), k=1
7=0
We will use the abbreviation Gy = Gi(A1), k > 0. Thus, Gy, G1, ... are pair-
wise disjoint collections of pairwise disjoint dyadic intervals, and for every k,
the collection G, consists of those intervals K € A; which are strictly con-

tained in exactly £ intervals of A;. In particular, G5 D G D ---, and if
k > 1, then for every K € G, there exists an interval L € Gi_1 such that

KcLtor KCL™. See for an example.
!
Gi O
Gi I e 1 R

00 0@ 1 @00l

Fig. 3. The collections G

——--L 1

Moreover, the definition of C; and the above characterization of the col-
lections G imply that for every K € C; and 0 < k < [N, there is an
L € Ai(K) NGy, and in particular G, O Cf. As a consequence, we have

B 1
Givl 2 €51 2 5.
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Together with |Gg| < 1, this yields
Ginl 1G] 1981 S 1
|gF171)N’ Gyl 1G5 — 2

and so there exists some 0 < s < (I — 1)N such that |G} | > 2-1/4|Gx|. We
choose

1

9

N
12<—|—1>2N1n22— -

€ logy (1 — (N/5+1)2N)
where the last inequality follows from the standard inequality In(1—z) < —x

for x < 1 by plugging in x = W and rearranging. Thus, we obtain

52) 921> (1 7ty ) 6

Next, we construct an almost faithful Haar system (hr)rep <y by al-
ternately choosing collections B; C Ay and signs (0x)kep,: First, we put
Bjo1) = Gs. If By C A; has already been constructed for some I € Dy,
0 < k < N, then we choose the signs (0x)xep, uniformly at random from

{£1}51. Since E(0x0r) = 1 if and only if K = L (and E(6x6;) = 0 other-
wise), the resulting function hy =) Kes, Orchi satisfies

E(h;,Thi) = > E(Ox0.)(hx,Thr) =Y (hx,Thg)
K,LeB; KeBy

> ) S|K|=4|Bjl.
KeBy
Thus, there is at least one realization (fk)xep, such that
(5.3) (h1,Thr) > 8|Bj|.
We choose such a realization to define h;. If k < N, then the successors B I+
are given by
B+ ={K € Gs1p41: K C {il] = +1}},

and the construction continues.

Now let A: Yy — Yy and B: Yy — Y} be the operators associated with
the resulting system (h7)7ep. . We will use |Proposition 2.8| to estimate || A||

and || BJ|. Put p = ’8[01 | = |G¥| > 1/2. Note that for 1 < k < N and I € Dy,
we have |Bj| < |I|p, and thus

* * * H
Ilu—|B) < I —|B7|) = TN~ L 1\oN’
max (|1 — | 1!)_I;k(| [ = 1B7]) = [G5] — 1951l < (Ne + 1)28

where the last inequality follows from ([5.2)). Hence,

N 1
|1Br| = (1_N/5+1>I’H’ I € Den,
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and this implies that

| 1 €
0< oy < —, I €Dy
Bil  w ™ Np B
Thus, by [Proposition 2.8 we have ||B|| < 1 and ||A| < 2(1 + ¢). Now put
T = ATB. Then by (5.3), T has d-large positive diagonal. m

Proof of Corollary[1.f] By combining [Proposition 5.1] with
we obtain the claimed result (note that the operator T' obtained from

bition 5.1]saisfies [T < 2(1 +&)||T)). =

We conclude by posing the following question:

QUESTION 5.2. Does the conclusion of[Corollary 1.4] still hold if the right-
hand side of inequality (1.3) is replaced by a subexponential (e.g., polynomial)

function of N ?
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